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Abstract

In this paper\ a new numerical technique\ the di}erential quadrature element method "DQEM#\ has been
developed for static analysis of the two!dimensional polar ReissnerÐMindlin plate in the polar coordinate
system by integrating the domain decomposition method "DDM# with the di}erential quadrature method
"DQM#[ The detailed formulations for the sectorial DQEM plate bending element and the compatibility
conditions between each element are presented[ The convergence properties and the accuracy of the DQEM
for bending of thick polar plates are investigated through a number of numerical computations[ Conse!
quently\ the DQEM has been successfully applied to analyze several annular sector plates with discontinuous
loading and boundary conditions and cutouts to illustrate the simplicity and ~exibility of this method for
solving ReissnerÐMindlin plates in polar coordinate system which are not solvable directly using the
di}erential quadrature method[ The numerical results are veri_ed by the existing exact solutions or the FEM
solutions obtained using the software package ANSYS "Version 4[2#[ Þ 0888 Elsevier Science Ltd[ All
rights reserved[

0[ Introduction

The di}erential quadrature method "DQM# is a numerical technique for solving initial and
boundary value problems[ It was originated by Bellman and his associates "Bellman and Casti\
0860^ Bellman et al[\ 0861# and further extended to multi!dimensional problems by Civan and
Sliepcevich "0873#[ It was _rst applied to structural analysis _elds by Bert and his associates "Bert
et al[\ 0877\ 0878^ Striz et al[\ 0877#[ Since then\ many researches have been done in both the
theoretical development and the engineering applications of the method[ An excellent review paper
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contributed by Bert and Malik "0885a# has summarized a detailed literature list on both aspects
of the DQM[ It has been claimed by many researchers that this numerical method has the capability
of yielding accurate solutions with minimal computational e}ort and therefore\ has the potential
to become an alternative to the conventional numerical methods "Bert et al[\ 0877\ 0878^ Pandya
and Sherbourne\ 0880^ Bert and Malik\ 0884^ Liew et al[\ 0885^ Bert and Malik\ 0885a\ b\ c^ Striz
et al[\ 0883^ Chen et al[\ 0886a\ b#[ Nevertheless\ the further application of the DQM has been
greatly restricted by the disadvantage that it cannot be directly employed to solve the problem
with discontinuities[ To overcome such drawbacks\ the quadrature element method "QEM# was
developed to perform the static analysis of truss and beam and the free vibration analysis of thin
plates "Striz et al[\ 0883^ Chen et al[\ 0886a#[ However\ for all the problems analyzed in Striz et al[
"0883#\ a d!grid arrangement was introduced\ which uses two points\ separated by a small distance
d\ to present each boundary point in order to satisfy the multi!boundary conditions at one point[
This is inconvenient and inaccurate for the di}erential equations of four or higher!order[ An
improvement on the d!grid arrangement has been reported in their recent papers "Chen et al[\ 0886a\
b# by incorporating the boundary conditions into the weighting coe.cient matrices[ However\ the
mathematical manipulations for the transformation of the weighting coe.cient matrices and the
governing equation matrix are very complicated and cumbersome for the higher!order governing
equations "e[g[\ for sixth!order equations of thick ReissnerÐMindlin plates\ Reissner\ 0834^ Mind!
lin\ 0840#[ Furthermore\ since the QEM which was implemented for the plate problems by Chen
et al[ "0886a\ b# was based on the classical thin plate theory\ the e}ects of the transverse deformation
and rotary inertia " for dynamic cases# were neglected[ This results in a signi_cant discrepancy
between the computational results and the realistic values for thick plates[ Han and Liew "0885#
developed the one!dimensional di}erential quadrature element method "DQEM#\ for bending
analysis of the axisymmetric circular ReissnerÐMindlin plate[ The present authors have developed
the two!dimensional DQEM for static analysis of ReissnerÐMindlin plate problems in a Cartesian
coordinate system "Liu and Liew\ 0887#[ It has been shown that the DQEM integrates the attractive
advantages of both the high accuracy of the DQM and the great ~exibility of the FEM for thick
plate analysis of the rectangular and the one!dimensional axisymmetric circular plates "Han and
Liew\ 0885^ Liu and Liew\ 0887#[ In this paper\ the two!dimensional DQEM has been further
developed for bending analysis of two!dimensional ReissnerÐMindlin polar plates in the polar
coordinate system[

1[ Formulations

Consider an annular sectorial MindlinÐReissner plate with outer radius a\ inner radius b and
sector angle a[ The plate is divided into NE elements based on the discontinuities in the geometry\
boundary constraints and materials used[ Each element consists of an isotropic material and has
uniform thickness and continuous boundary constrains on each edge[

1[0[ Governin` equations and constraint conditions

The equilibrium governing equations for a given element l of the sectorial ReissnerÐMindlin
plate in polar coordinates are given by Kobayashi and Sonoda "0876# as follows]
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where w is the transverse de~ection^ cr and cu are the angular rotations of the normal to the mid!
surface in radial and circumferential directions^ hl\ El\ Gl and nl are the plate thickness\ Young|s
modulus\ shear modulus and Poisson|s ratio\ respectively^ Dl is the plate ~exural rigidity^ and k is
the shear correction factor which is taken to be 4:5 "Reissner\ 0836^ Mindlin\ 0840#[

Substituting eqn "1# into eqn "0# yields
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The moment resultants Mr\ Mu and Mru and the shear force resultants Qr and Qu can be written
as
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The boundary conditions for the radial and circumferential edges of the plate are expressed in
polar coordinates as follows]

, Generalized hard simply supported edge "S#]

w � 9\ cu � 9\ Mr �"Mext
r #0\ at r � b "5a#

w � 9\ cu � 9\ Mr �"Mext
r #IE¦0\ at r � a "5b#

w � 9\ cr � 9\ Mu �"Mext
u #0\ at u � 9 "5c#

w � 9\ cr � 9\ Mu �"Mext
u #JE¦0\ at u � a "5d#

, Generalized soft simply supported edge "S?#]

w � 9\ Mru � 9\ Mr �"Mext
r #0\ at r � b "6a#

w � 9\ Mru � 9\ Mr �"Mext
r #IE¦0\ at r � a "6b#

w � 9\ Mru � 9\ Mu �"Mext
u #0\ at u � 9 "6c#

w � 9\ Mru � 9\ Mu �"Mext
u #JE¦0\ at u � a "6d#

, Clamped edge "C#]

w � 9\ cr � 9\ cu � 9^ at r � b\ a and u � 9\ a "7aÐc#

, Generalized free edge "F#]

Qr �"Qext
r #0\ Mr �"Mext

r #0\ Mru � 9 at r � b "8a#

Qr �"Qext
r #IE¦0\ Mr �"Mext

r #IE¦0\ Mru � 9 at r � a "8b#

Qu �"Qext
u #0\ Mu �"Mext

u #0\ Mru � 9 at u � 9 "8c#

Qu �"Qext
u #JE¦0\ Mu �"Mext

u #JE¦0\ Mru � 9 at u � a "8d#

where "Mext
r #0\ "Mext

u #0\ "Qext
r #0 and "Qext

u #0 are the external concentrated line moments and line
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Fig[ 0[ Coordinate system and discretization of an annular sector plate with inner and outer radii b and a and sector
angle a] "a# coordinate system^ "b# positive directions of resultant moments and shear forces in plate[

loads at the sides r � b and u � 9^ and "M ext
r #IE¦0\ "Mext

u #JE¦0\ "Qext
r #IE¦0 and "Qext

u #JE¦0 are the
external concentrated line moments and line loads at the sides r � a and u � a[

1[1[ Sectorial DQEM plate bendin` element

The lth element is further divided into Nr×Nu grid points along the radial and circumferential
directions\ respectively[ The element is subject to the {external| concentrated line forces and
moments\ which are the combination action of the real external forces and moments applied at
the four edges of element l and the shear forces and moments yielded by the adjacent elements as
shown in Fig[ 1[ Using the DQM rule "Liew et al[\ 0885#\ the governing eqns "2aÐc# can be
discretized for each node on the inner grid of the element l as
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Fig[ 1[ Equilibrium and arrangement of grid points of element l[
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where i � 0\ 1\ [ [ [ \ Nr^ j � 0\ 1\ [ [ [ \ Nu^ C "n#
r?s and CÞ"n#

r?s "n � 0\ 1^ r? � 0\ 1\ 2\ [ [ [ \ Nr^ s � 0\ 1\ 2\ [ [ [ \ Nu#
are the weighting coe.cients for the nth!order partial derivatives of w\ cr and cu with respect to r
and u\ respectively[

Using the same procedures\ the moments and shear forces expressed by eqns "4aÐe# are dis!
cretized into
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For the grid points at the four edges of element l\ the corresponding boundary conditions
described by eqns "5#Ð"8# or the compatibility conditions should be applied[ The details of the
compatibility conditions for sectorial DQEM plate bending elements will be presented in Section
1[2[

In matrix form\ eqns "09aÐc# can be expressed as

Kede � fe "01#

in which Ke\ de and fe are the element weighting coe.cient matrix\ element displacement vector
and element force vector\ respectively and

de � ðw0\0\"cr#0\0\"cu#0\0\ w0\1\"cr#0\1\"cu#0\1\ [ [ [ \ w0\Nu
\"cr#0\Nu

\

"cu#0\Nu
\ w1\0\"cr#1\0\"cu#1\0\ w1\1\"cr#1\1\"cu#1\1\ [ [ [ \ w1\Nu

\

"cr#1\Nu
\"cu#1\Nu

\ [ [ [ \ wNr\0\"cr#Nr\0\"cu#Nr\0\ wNr\1\

"cr#Nr\1\"cu#Nr1\ [ [ [ \ wNr\Nu
\"cr#Nr\Nu

\"cu#Nr\Nu
ŁT "02#

fe � ð"Ql
r#?0\0\"Ml

r#?0\0\"Ml
ru#?0\0\"Ql

r#?0\1\"Ml
r#?0\1\"Ml

ru#?0\1\ [ [ [ \"Ql
r#?0\Nu

\

"Ml
r#?0\Nu

\"Ml
ru#?0\Nu

\"Ql
u#?1\0\"Ml

u#?1\0\"Ml
ru#?1\0\ 9\ 9\ f1\1\

9\ 9\ f1\2\ [ [ [ \ 9\ 9\ f1\Nu−0\"Ql
u#?1\Nu

\"Ml
u#?1\Nu

\"Ml
ru#?1\Nu

\ [ [ [

"Ql
u#?Nr−0\0\"Ml

u#?Nr−0\0\"Ml
ru#?Nr−0\0\ 9\ 9\ fNr−0\1\ 9\ 9\ fNr−0\2\ [ [ [

9\ 9\ fNr−0\Nr−0\"Ql
u#?Nr−0\Nu

\"Ml
u#?Nr−0\Nu

\"Ml
ru#?Nr−0\Nu

\"Ql
r#?Nr\0\

"Ml
r#?Nr\0\"M

l
ru#?Nr\0\"Q

l
r#?Nr\1\"M

l
r#?Nr\1\"M

l
ru#?Nr\1\ [ [ [

"Ql
r#?Nr\Nu

\"Ml
r#?Nr\Nu

\"Ml
ru#?Nr\Nu

ŁT "03#

1[2[ Assembly of plate elements and compatibility conditions

In order to obtain a complete solution for the entire plate\ a global system equation for all the
nodal points of the plate labelled from 0 to N should be established[ This can be done by assembling
the weighting coe.cient matrices\ the displacement vector and the force vector of all the elements[
The _nal global matrix forms of the equation system for the whole plate are

Kd � F "04#

where K\ d and F represent the overall weighting coe.cient matrix\ global displacement vector
and global force and moment vector for the entire plate\ respectively and
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Fig[ 2[ Locations of the conjunction nodes on the interface boundaries of sectorial elements] "a# two sectorial elements
are connected in r!direction^ "b# two elements are connected in u!direction^ and "c# four sectorial elements are connected
at point m[

d � ðw0\"cr#0\"cu#0\ w1\"cr#1\"cu#1\ [ [ [ \ wN\"cr#N\"cu#NŁT "05#

The successful solution of the problem for the plate can be achieved only if the two conditions
of "a# displacement compatibility and "b# equilibrium are satis_ed at the interface boundaries of
the plate[ Obviously\ the displacement compatibility conditions are automatically satis_ed at all
the interface conjunction nodes since the same global nodal number is used for each conjunction
node[ Only the equilibrium conditions are needed to form the compatibility conditions[ Hence\
according to the locations of the conjunction nodes\ the compatibility conditions for the sectorial
DQEM plate bending elements in polar coordinates are built up as follows]

, For conjunction nodes at which two elements meet

Suppose elements l0 and l1 are two adjacent sectorial elements in polar coordinates as shown in
Fig[ 2[ In Fig[ 2"a#\ the two elements are connected along the r!direction\ while in Fig[ 2"b#\
they are connected along the u!direction[ For the _rst case\ the compatibility conditions for the
conjunction nodes at the interface edge of elements l0 and l1 can be written according to the
equilibrium condition as

"Ql0
r #Nr\j−"Ql1

r #0\j �"Qext
r #m "06a#

"Ml0
r #Nr\j−"Ml1

r #0\j �"Mext
r #m "06b#

"Ml0
ru#Nr\j−"Ml1

ru#0\j �"Mext
ru #m "06c#
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Similarly\ the compatibility conditions for the conjunction nodes of elements l0 and l1 for the
second case are

"Ql0
u #i\Nu

−"Ql1
u #i\0 �"Qext

u #m "07a#

"Ml0
u #i\Nu

−"Ml1
u #i\0 �"Mext

u #m "07b#

"Ml0
ru#i\Nu

−"Ml1
ru#i\0 �"Mext

ru #m "07c#

, For conjunction nodes at which four elements meet

As shown in Fig[ 2"c#\ four adjacent elements l0\ l1\ l2 and l3 are arbitrarily selected from the
plate elements and all these four elements share one common node at their corners[ Suppose the
globally labeled number of the common conjunction node is m\ then the compatibility conditions
for the point m can be expressed as

"Ql0
r #Nr\Nu

¦"Ql1
r #Nr\0−"Ql2

r #0\Nu
−"Ql3

r #0\0 �"Qext
r #m "08a#
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r #0\Nu
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r #0\0 �"Mext
r #m "08b#
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ru#Nr\Nu

¦"Ml1
ru#Nr\0−"Ml2

ru#0\Nu
−"Ml3

ru#0\0 �"Mext
ru #m "08c#

and

"Ql0
u #Nr\Nu

−"Ql1
u #Nr\0¦"Ql2

u #0\Nu
−"Ql3

u #0\0 �"Qext
u #m "19a#

"Ml0
u #Nr\Nu

−"Ml1
u #Nr\0¦"Ml2

u #0\Nu
−"Ml3

u #0\0 �"Mext
u #m "19b#

"Ml0
ru#Nr\Nu

¦"Ml1
ru#Nr\0−"Ml2

ru#0\Nu
−"Ml3

ru#0\0 �"Mext
ru #m "19c#

, For conjunction nodes located at the boundaries of the plate

Take the inner side boundary "r � b# of the annular sectorial plate for example\ by considering
the compatibility conditions as well as the boundary conditions\ the modi_ed boundary conditions
for the conjunction node m located at this boundary can be expressed as follows

wm � 9\ crm � 9\ cum � 9 "for clamped side*remain unchanged# "10aÐc#

wm � 9\ cum � 9\ "Ml0
r #0\Nu

¦"Ml1
r #0\0 �"Mext

r #m "for hard simply supported side#

"11aÐc#
wm � 9\ "Ml0

r #0\Nu
¦"Ml1

r #0\0 �"Mext
r #m\ "Ml0

ru#0\Nu
¦"Ml1

ru#0\0 �"Mext
ru #m

"for soft simply supported side# "12aÐc#

"Ql0
r #0\Nu

¦"Ql1
r #0\0 �"Qext

r #m\ "Ml0
r #0\Nu

¦"Ml1
r #0\0 �"Mext

r #m

"Ml0
ru#0\Nu

¦"Ml1
ru#0\0 �"Mext

ru #m "for free side# "13aÐc#
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2[ Convergence and accuracy studies

Based on the aforementioned DQEM formulations\ a program has been built up to solve the
bending problems of the thick polar plates[ The notation\ for instance CSFS?\ denotes an annular
sector plate with edges r � b\ u � 9\ r � a and u � a having clamped "C#\ hard simply supported
"S#\ free "F# and soft simply supported "S?# boundary conditions\ respectively[ The cosine mesh
pattern for each element has been employed for all the computations[ It is expressed in the polar
coordinates as follows]

ri � b¦
"a−b#

1
"0−cos ð"i−0#p:"Nr−0#Ł#^ i � 0\ 1\ 2\ [ [ [ \ Nr "14a#

uj �
a

1
"0−cos ð" j−0#p:"Nu−0#Ł#^ j � 0\ 1\ 2\ [ [ [ \ Nu "14b#

The convergence and accuracy studies are carried out _rst to examine the reliability of the DQEM
for the bending solution of the ReissnerÐMindlin plate in polar coordinates[ The convergence rate
is dependent upon the boundary conditions\ relative thickness\ sector angle and inner to outer
radii ratio of the plate[

2[0[ In~uences of boundary conditions and relative thickness

To examine the e}ects of boundary conditions and relative thickness on the convergence rate
and accuracy of the DQEM solutions for the polar plates\ a uniformly loaded annular sector plate
with three di}erent boundary conditions\ SSSS\ CSCS and FSFS are studied[ The convergence
patterns for the thin "h:lc � 9[90\ where lc � a−b# plates are shown in Figs 3Ð5[ The relative

Fig[ 3[ Convergence patterns of the DQEM results for central de~ection\ moments and shear force of a thin SSSS
annular sector plate "h:lc � 9[90\ b:a � 9[4\ a � 29>#[
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Fig[ 4[ Convergence patterns of the DQEM results for central de~ection\ moments and shear force of a thin CSCS
annular sector plate "h:lc � 9[90\ b:a � 9[4\ a � 29>#[

Fig[ 5[ Convergence patterns of the DQEM results for central de~ection\ moments and shear force of a thin FSFS
annular sector plate "h:lc � 9[90\ b:a � 9[4\ a � 29>#[

percentage errors\ de_ned as] error � ð"Value#DQEM−"Value#exactŁ:"Value#exact×099)\ between the
present DQEM results and the exact solution of Kobayashi and Turvey "0883# are presented in
Tables 0Ð2[ Furthermore\ since it has been found by the present authors "Liu and Liew\ 0887# that
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Table 2
Convergence of numerical results of a uniformly loaded annular sector plate having FSFS boundary conditions with
the increasing number of grid points in each element "b:a � 9[4^ a � 29>^ n � 9[2^NE � 1×1#a

h:lc Nr×Nu Wc? Error ")# MÞ rc? Error ")# MÞ uc? Error ")# QÞub? Error ")#

9[90 4×4 4[80107 −1[09549 0[47979 08[6921 7[29079 9[04573 −4[07642 −0354[49
6×6 4[83859 −0[37589 0[37672 01[5521 7[13419 −9[41590 −9[58968 −170[724
8×8 4[87878 −9[70867 0[30281 6[95538 7[15112 −9[21944 9[92531 −89[3022

00×00 5[99894 −9[49142 0[26787 3[31961 7[16112 −9[08880 9[13957 −25[5354
02×02 5[90863 −9[21442 0[24804 1[80802 7[16798 −9[01810 9[20368 −06[0276
04×04 5[91527 −9[10447 0[23544 0[85491 7[17065 −9[97382 9[23547 −7[66962
06×06 5[92968 −9[03145 0[22799 0[20647 7[17308 −9[94451 9[25082 −3[62908
Exactb 5[9283 * 0[2195 * 7[1777 * 9[2688 *

9[19 4×4 5[83556 −9[31933 0[00801 9[74400 7[22685 −9[96607 9[25480 −1[49199
6×6 5[86105 −9[94494 0[00183 9[17182 7[23135 −9[91214 9[26402 −9[93429
8×8 5[86479 −9[99176 0[00997 9[91412 7[23313 −9[99081 9[26465 9[01146

00×00 5[86592 9[99932 0[09874 9[99340 7[23325 −9[99937 9[26479 9[02212
02×02 5[86593 9[99946 0[09873 9[99259 7[23325 −9[99937 9[26479 9[02212
04×04 5[86593 9[99946 0[09873 9[99259 7[23325 −9[99937 9[26479 9[02212
06×06 5[86593 9[99946 0[09873 9[99259 7[23325 −9[99937 9[26479 9[02212
Exactb 5[8659 * 0[0987 * 7[2333 * 9[2642 *

a Wc? � wc?:"09−2×ql3
c :D#^ MÞ rc? � Mrc?:"09−1×ql1

c #^ MÞ uc? � Muc?:"09−1×ql1
c #^ QÞub? � Qub?:qlc[

b Exact solution "Kobayashi and Turvey\ 0883#[

the convergence rate of the DQEM is much more dominated by the grid points in each element
than by the number of the discretized elements\ the e}ect of the grid points in each element with a
_xed number of elements is investigated here[ For generality\ the number of the discretized elements
is _xed at 1×1[ It is observed that no matter what boundary conditions are considered\ all the
results of the normalized de~ection\ moments and shear forces at the given points of the annular
sector plate\ as shown in Fig[ 0\ converge to the corresponding exact solutions with the increasing
number of grid points in each element[ It is also observed that as the grid points in each element
increase\ the normalized de~ection and bending moments converge rapidly\ while the transverse
shear forces converge relatively slowly[ Especially for the transverse shear force at the middle of
the radial edge of the FSFS sector plate with the relative thickness ratio h:lc � 9[90\ 04×04 grid
points used in each element still lead to a relative error of 7[6696)[ Therefore\ more grid points
may be needed to furnish the converged shear forces at this point[ By examining the three Tables\
it is evident that as the relative thickness h:lc increases from 9[90Ð9[1\ the convergence rate has
been improved[ For example\ in the case of the FSFS sector plate with b:a � 9[4 and a � 29>\
when the h:lc ratio is 9[1\ 8×8 grid points in each element are able to produce the converged results
for Wc?\ MÞ rc? and MÞ uc? with the relative errors all less than 9[92)[ When the h:lc ratio is 9[90\ 8×8
grid points used in each element lead to a relative error or less than 0) for Wc?\ and MÞ uc?[ But for
MÞ rc? and QÞub?\ even though the grid points used in each element are as high as 06×06\ the
corresponding relative errors are still 0[2065 and 3[62908)\ respectively[ However\ all these errors
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Table 3
E}ect of sector angle\ a\ on convergence and accuracy of numerical results of a uniformly loaded annular sector plate
having CSCS boundary conditions with the increasing number of grid points in each element
"b:a � 9[4^ h:lc � 9[90^ n � 9[2^NE � 1×1#a

a Nr×Nu Wc? Error ")# MÞ rc? Error ")# MÞ uc? Error ")# QÞub? Error ")#

29> 4×4 0[07110 −04[7589 0[59978 −27[4259 0[81446 −15[5959 9[38258 091[990
6×6 0[27562 −0[20339 1[42524 −1[51939 1[47318 −0[38729 9[13642 0[17969
8×8 0[39354 −9[92809 1[59218 −9[94929 1[51217 −9[90119 9[12663 −1[61499

00×00 0[39458 9[92389 1[59516 9[95309 1[51372 9[93589 9[13924 −0[54609
02×02 0[39456 9[92239 1[59598 9[94619 1[51357 9[93019 9[13197 −9[83829
04×04 0[39459 9[91749 1[59470 9[93549 1[51338 9[92289 9[13203 −9[40449
Exactb 0[3941 * 1[5935 * 1[5125 * 9[1333 *

59> 4×4 1[10850 −01[0218 2[08492 −10[7292 0[90160 −31[0397 9[50816 048[769
6×6 1[49339 −9[74892 3[93231 −0[96254 0[60507 −0[83827 9[12675 −9[07353
8×8 1[41536 9[90354 3[97855 9[94663 0[64204 9[05172 9[12962 −2[06556

00×00 1[41541 9[90552 3[97701 9[91995 0[64947 9[90599 9[12306 −0[62200
02×02 1[41532 9[902095 3[97689 9[90357 0[64928 9[99403 9[12508 −9[77433
04×04 1[41526 9[909658 3[97668 9[90088 0[64926 9[99399 9[12628 −9[27076
Exactb 1[4150 * 3[9762 * 0[6492 * 9[1272 *

89> 4×4 1[24602 * 2[31688 * 9[47419 * 9[50693 *
6×6 1[50961 * 3[98529 * 0[10428 * 9[12471 *
8×8 1[53133 * 3[06641 * 0[23626 * 9[11739 *

00×00 1[53215 * 3[06564 * 0[23455 * 9[12205 *
02×02 1[53295 * 3[06474 * 0[23334 * 9[12432 *
04×04 1[53290 * 3[06468 * 0[23330 * 9[12554 *

a Wc? � wc?:"09−2×ql3
c :D#^ MÞ rc? � Mrc?:"09−1×ql1

c #^ MÞ uc? � Muc?:"09−1×ql1
c #^ QÞub? � Qub?:qlc[

b Exact solution "Kobayshi and Turvey\ 0883#[

are below the allowable precision limits for engineering applications[ Further comparing the data
between each of the three Tables\ it is found that the convergence rates of the normalized de~ection\
moments and shear forces are also in~uenced by the boundary conditions of the plate[ Generally\
the SSSS sector plate has the faster convergence rate than the CSCS sector plate and the CSCS
sector plate has the faster convergence rate than the FSFS sector plate[

2[1[ In~uences of sector an`le and inner to outer radii ratio

In order to investigate the e}ects of the sector angle a and the inner to outer radii ratio\ b:a\ on
the convergence and accuracy of the DQEM results\ the uniformly loaded annular sector plate
with CSCS boundary conditions is analyzed again[ The relative thickness of the plate is taken to
be 9[90[ The numerical results obtained using the DQEM are shown in Tables 3 and 4[ In Table
3\ the e}ects of the sector angle a on the convergence rate and accuracy are investigated[ It is found
that the convergence rate increases as the sector angle a increases from 29Ð59> but decreases slightly
when the sector angle increases from 59Ð89>[ However\ the overall e}ect of the sector angle is not
signi_cant[
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Table 4
E}ect of inner to outer radii ratio\ b:a\ on convergence of numerical results of a uniformly loaded annual sector plate
having CSCS boundary conditions with the increasing number of grid points in each element
"a � 59>^ h:lc � 9[90^ n � 9[2^NE � 1×1#a

b:a Nr×Nu Wc? Error ")# MÞ rc? Error ")# MÞ uc? Error ")# QÞub? Error ")#

9[09 4×4 9[65805 −05[0650 0[11956 −28[1964 0[60612 −15[5231 9[73939 152[588
6×6 9[72885 −7[35910 0[45274 −11[0052 1[94695 −01[0044 9[28891 61[5725
8×8 9[77041 −2[82984 0[70776 −8[30456 1[10959 −4[44464 9[15170 02[6250

00×00 9[89383 −0[26750 0[83324 −2[05534 1[18454 −0[81101 9[12277 0[10597
02×02 9[80341 −9[22346 0[88181 −9[63643 1[21873 −9[35030 9[12917 −9[23078
04×04 9[80648 9[99999 1[99682 9[99999 1[23953 9[99999 9[12096 9[99999

9[14 4×4 0[20422 −08[0376 0[55743 −32[8067 0[58927 −23[9257 0[14453 303[379
6×6 0[43830 −3[65901 1[55783 −09[1818 1[28119 −5[53875 9[23135 39[2079
8×8 0[50269 −9[79720 1[81681 −0[47703 1[42431 −0[95092 9[13389 9[23307

00×00 0[51431 −9[97689 1[86944 −9[04418 1[44887 −9[09152 9[13955 −0[28209
02×02 0[51576 9[99012 1[86423 9[99460 1[45163 9[99496 9[13144 −9[50769
04×04 0[51574 9[99999 1[86406 9[99999 1[45150 9[99999 9[13395 9[99999

9[49 4×4 1[10850 −01[0218 2[08492 −10[7292 0[90160 −31[0397 9[50816 048[769
6×6 1[49339 −9[74892 3[93231 −0[96246 0[60507 −0[83827 9[12675 −9[07353
8×8 1[41536 9[90354 3[97855 9[94663 0[64204 9[05172 9[12962 −2[06556

00×00 1[41541 9[90552 3[97701 9[91995 0[64947 9[90599 9[12306 −0[62200
02×02 1[41532 9[90295 3[97689 9[90357 0[64928 9[99403 9[12508 −9[77433
04×04 1[41526 9[90958 3[97668 9[90088 0[64926 9[99399 9[12628 −9[27076
Exactb 1[4150 * 3[9762 * 0[6492 * 9[1272 *

a Wc? � wc?:"09−2×ql3
c :D#^ MÞ rc? � Mrc?:"09−1×ql1

c #^ MÞ uc? � Muc?:"09−1×ql1
c #^ QÞub? � Qub?:qlc[

b Exact solution "Kobayshi and Turvey\ 0883#[

In Table 4\ the e}ect of the inner to outer radii ratio\ b:a\ on the convergence rate of the DQEM
results is examined[ Since no analytical solutions have been found available for cases b:a � 9[09
and 9[14 in the open literature\ the converged DQEM results obtained using 04×04 grid points in
each element are used as the {accurate solution| to de_ne the relative error for these two cases in
this table[ It is evident that the convergence rate of the DQEM results increases only slightly as
the inner to outer radii ratio\ b:a\ increases from 9[0Ð9[4[ For all the cases analyzed here\ however\
a reasonably accurate numerical solution can be achieved with 00×00 grid points in each element[

3[ Numerical application examples

The DQEM is now applied to analyze several ReissnerÐMindlin plate bending problems
described by the polar coordinates[ The main purpose of this Section is to illustrate the applicability
and ~exibility of the DQEM developed in this paper for solving various kinds of static problems
of ReissnerÐMindlin plates[ To ensure the accuracy of the numerical results\ the grid points in
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Fig[ 6[ Annual sector plates subjected to a patch load on the shadowed area with di}erent constraint conditions] "a# a
simply supported plate^ "b# a fully clamped plate[

each element are set to 00×00 for the thick plates and 02×02 for the thin plates "h:lc � 9[90#[
Poisson|s ratio for all cases is taken to be 9[2[

3[0[ Annular sector plate subjected to a patch load

The _rst application example analyzed here is the annular sector plate subjected to a uniformly
distributed patch load over a sectorial area[ Two boundary conditions "SSSS and CCCC# are
considered as shown in Figs 6"a# and "b#[ The numerical results are presented in Tables 5 and 6[
To verify the present results\ some FEM solutions obtained using the commercial software package
ANSYS "Version 4[2# are also tabulated[ These FEM solutions are computed using a uniform
mesh with 0714 grid points "active degree!of!freedom is 09\453#[ An eight!node shell 82 element
was used[ It is evident from Tables 5 and 6 that the present DQEM results are in excellent
agreement with the FEM solutions[ Moreover\ it is observed that the sector angle a and the
dimensions of the loading area\ u:lc and uc:a\ have signi_cant in~uences on the values of the
de~ection\ moments and shear forces at the given points of the plates listed in these two tables[ All
the numerical results except QÞub?\ increase with either the sector angle a or the dimensions of the
loading area\ u:lc and uc:a[ The values of QÞub? in both Tables\ on the other hand\ decrease as the
sector angle increases\ but increase with the dimensions of the loading area[ Furthermore\ the data
in both tables indicate that the increase in relative thickness leads to the increase of the normalized
central de~ection Wc?\ but with very slight in~uence on the normalized moments and shear forces[

3[1[ Annular sector plate with mixed boundary conditions

In order to demonstrate the applicability of the DQEM to bending analysis of plates with mixed
boundary conditions in polar coordinates\ an annular sector plate with simply supported circular
peripheries and mixed radial boundary conditions "partially clamped and partially simply sup!



F[!L[ Liu\ K[M[ Liew : International Journal of Solids and Structures 25 "0888# 4090Ð40124007

Table 5
De~ections\ bending and twisting moments and shear forces of a simply supported annular sector plate subjected to a
uniformly distributed patch load over a sectorial area "Fig[ 6"a#\ b:a � 9[4#a

a h:lc u:lc uc:a Wc? MÞ rc? MÞ uc? MÞ rua? QÞrd? QÞre? QÞub?

29> 9[90 9[1 9[1 9[14250 9[50945 9[58784 −9[11507 9[90166 −9[90930 9[90712
9[4 9[4 0[12591 1[90049 1[36665 −0[14718 9[96821 −9[95804 9[09367

FEMb 9[4 9[4 0[12509 1[90706 1[17472 * * * *
9[7 9[7 1[02632 1[85943 2[79579 −1[41129 9[08781 −9[06864 9[11502

9[1 9[1 9[1 9[25734 9[50952 9[58817 −9[12191 9[90074 −9[90940 9[90714
9[4 9[4 0[51837 1[90057 1[36759 −0[18990 9[96367 −9[95881 9[09370
9[7 9[7 1[62924 1[85986 2[79727 −1[47067 9[08923 −9[07014 9[11515

59> 9[90 9[1 9[1 9[78656 0[30517 0[97803 −9[34536 9[92774 −9[91477 9[90982
9[4 9[4 3[18513 4[94239 2[20853 −1[48673 9[10987 −9[02752 9[96425

FEMb 9[4 9[4 3[18523 4[96999 2[22906 * * * *
9[7 9[7 6[21659 6[67888 3[51750 −4[20887 9[31009 −9[17314 9[11940

9[1 9[1 9[1 0[00870 0[30517 0[98002 −9[36411 9[92646 −9[91597 9[90966
9[4 9[4 4[93172 4[94978 2[22920 −1[58843 9[19496 −9[02828 9[96437
9[7 9[7 7[32836 6[67401 3[53776 −4[40976 9[30145 −9[17406 9[11972

89> 9[90 9[1 9[1 0[28782 0[87799 0[18344 −9[22746 9[94704 −9[92629 9[99435
9[4 9[4 5[12298 5[66152 2[23960 −1[12741 9[16649 −9[05849 9[93146

FEMb 9[4 9[4 5[11904 5[67499 2[24099 * * * *
9[7 9[7 09[0196 09[9646 3[10309 −4[36667 9[49936 −9[20617 9[06577

9[1 9[1 9[1 0[58121 0[87739 0[18640 −9[24446 9[94543 −9[92643 9[99368
9[4 9[4 6[03705 5[66944 2[24560 −1[23007 9[16170 −9[06902 9[93161
9[7 9[7 00[3144 09[9616 3[13179 −4[58366 9[38481 −9[20659 9[06611

a Wc? � wc?:"09−2×ql3
c :D#^ MÞ rc? � Mrc?:"09−1×ql1

c #^ MÞ uc? � Muc?:"09−1×ql1
c #^ MÞ rua? � Mrua?:"09−1×ql1

c #^
QÞrd? � Qrd?:qlc^ QÞre? � Qre?:qlc^ QÞub? � Qub?:qlc?[

b The _nite element results computed using the commercial software package ANSYS "Version 4[2# where shell 82
element was selected with 0714 grid points "actual number of active DOF] 09\453#[

ported#\ as shown in Fig[ 7\ is considered[ The plate is subjected to a uniformly distributed load
over the entire plate[ The results of the plate with an inner to outer radii ratio b:a � 9[4 for di}erent
sector angles and relative thicknesses are presented in Table 7[ The converged results to three
signi_cant _gures using the _nite element software package ANSYS "Version 4[2# are also tabulated
in the same table[ These results are computed using an eight!node shell 82 element with a uniform
mesh of 3922 grid points "active degree!of!freedom is 12\203#[ It is observed that the present
DQEM solution agrees very well with the FEM results[ This reveals that we can apply the DQEM
con_dently to the solution of polar plates with mixed boundary conditions[

3[2[ A fully clamped annular sector plate with a free sectorial cutout

As shown in Fig[ 8\ a fully clamped and uniformly loaded annular sector plate with a sectorial
free cutout is analyzed[ The results of the de~ections at three selected points\ a?\ b?\ c? and the
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Table 6
De~ections\ bending moments and shear forces of a fully clamped annular sector plate subjected to a uniformly
distributed patch load over a sectorial area "Fig[ 6"b#\ b:a � 9[4#a

a h:lc u:lc uc:a Wc? MÞ rc? MÞ uc? QÞrd? QÞre? QÞub?

29> 9[90 9[1 9[1 9[00255 9[33826 9[40711 9[90849 −9[90691 9[92232
9[4 9[4 9[36225 0[04337 0[37340 9[01922 −9[09634 9[05660

FEMb 9[4 9[4 9[36215 0[05929 0[38137 * * *
9[7 9[7 9[57936 0[27010 0[77880 9[16717 −9[13186 9[29592

9[1 9[1 9[1 9[12393 9[35825 9[40507 9[90996 −9[90168 9[91320
9[4 9[4 9[78308 0[13531 0[36718 9[95587 −9[97370 9[02121

FEMb 9[4 9[4 9[78307 0[14162 0[37516 * * *
9[7 9[7 0[20488 0[49853 0[77829 9[07913 −9[10964 9[15331

59> 9[0 9[1 9[1 9[27860 0[91290 9[67640 9[96169 −9[93381 9[90251
9[4 9[4 0[45722 1[80909 0[67774 9[22174 −9[19999 9[09272

FEMb 9[4 9[4 0[45706 1[81599 0[68699 * * *
9[7 9[7 1[1095 2[58443 0[86708 9[44967 −9[24052 9[18679

9[1 9[1 9[1 9[51768 0[90737 9[71442 9[94969 −9[92725 9[99874
9[4 9[4 1[28110 1[78472 0[83810 9[14645 −9[07576 9[99689

FEMb 9[4 9[4 1[28112 1[80042 0[84722 * * *
9[7 9[7 2[32920 2[58117 1[06534 9[36003 −9[23185 9[13172

89> 9[90 9[1 9[1 9[44702 0[23366 9[76430 9[09936 −9[95946 9[99191
9[4 9[4 0[84779 2[32779 0[49432 9[24833 −9[10234 9[92746

FEMb 9[4 9[4 0[84786 2[34799 0[49816 * * *
9[7 9[7 1[45869 3[00351 0[34707 9[4263 −9[24222 9[11635

9[1 9[1 9[1 9[76830 0[23102 9[81856 9[96420 −9[94280 9[99962
9[4 9[4 1[86340 2[33420 0[55472 9[21141 −9[10045 9[91578

FEMb 9[4 9[4 1[86340 2[35399 0[56956 * * *
9[7 9[7 2[86251 3[02390 0[48994 9[41243 −9[24408 9[06879

a Wc? � wc?:"09−2×ql3
c :D#^ MÞ rc? � Mrc?:"09−1×ql1

c #^ MÞ uc? � Muc?:"09−1×ql1
c #^ QÞrd? � Qrd?:qlc^ QÞre? � Qre?:qlc^

QÞub? � Qub?:qlc?[
b The _nite element results computed using the commercial software package ANSYS "Version 4[2# where shell 82

element was selected with 0714 grid points "actual number of active DOF] 09\453#[

moments and shear forces at the other three points\ d?\ e?\ f?\ are computed and displayed in Table
8[ Three sector angles\ a � 29\ 59 and 89>\ are considered[ The computations were carried out for
both thin "h:lc � 9[90# and thick "h:lc � 9[1# plates[ The DQEM results are compared with those
obtained using the _nite element software package ANSYS "Version 4[2#[ Again\ the shell 82
element with an even mesh "total grid points used] 1713^ active DOF] 04\397# was chosen for
computations[ The comparison shows that both solutions are in good agreement[

4[ Conclusion

In this paper\ the two!dimensional di}erential quadrature element method has been developed
for the bending analysis of ReissnerÐMindlin plates in the polar coordinate system by integrating
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Fig[ 7[ A uniformly loaded annular sector plate having simply supported circular edges and mixed boundary conditions
"CSC# on the radial edges[

Table 7
De~ections\ bending moments and shear forces of a uniformly loaded annular sector plate with mixed boundary
conditions "Fig[ 7\ b:a � 9[4^ u:lc � 0:2^NE � 2×0#a

a h:lc Solutions Wc? MÞ rc? MÞ uc? MÞ ruc QÞrd? QÞre?

29> 9[90 DQEM 0[13972 0[87615 1[53212 9[99999 9[04366 −9[10733
FEMb 0[10451 0[83822 1[51022 9[99999 * *

9[19 DQEM 1[05629 1[22917 2[91940 9[99999 9[07464 −9[12287
FEMb 1[03834 1[29079 1[87762 9[99999 * *

59> 9[90 DQEM 5[11916 5[79677 3[46752 9[99999 9[34236 −9[24725
FEMb 5[03010 5[69456 3[44856 9[93928 * *

9[19 DQEM 6[89919 6[29028 3[45563 9[99999 9[35201 −9[25229
FEMb 6[74706 6[41599 3[47736 9[99995 * *

89> 9[90 DQEM 09[9414 09[9647 3[35256 9[99999 9[48886 −9[30013
FEMb 8[88919 8[87149 3[36972 9[99999 * *

9[19 DQEM 00[5671 09[1565 3[39162 9[99999 9[48186 −9[30918
FEMb 00[5348 09[1296 3[32242 9[99999 * *

a Wc? � wc?:"09−2×ql3
c :D#^ MÞ rc? � Mrc?:"09−1×ql1

c #^ MÞ uc? � Muc?:"09−1×ql1
c #^ MÞ ruc � Mruc?:"09−1×ql1

c #^
QÞrd? � Qrd?:qlc^ QÞre? � Qre?:qlc[

b The _nite element results computed using the commercial software package ANSYS "Version 4[2# where shell 82
element was selected with 3922 grid points "actual number of active DOF] 12\203#[

the domain decomposition method with the DQ method[ The detailed formulations for the sectorial
DQEM ReissnerÐMindlin plate bending element\ and the compatibility conditions between adjac!
ent elements have been derived in polar coordinates[
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Fig[ 8[ A fully clamped and uniformly loaded annular sector plate with an inner free sectorial cutout[

Table 8
De~ections\ bending moments and shear forces of a fully clamped and uniformly loaded annular sector plate having a
sectorial cutout "Fig[ 8\ u:lc � uc:a � 9[4^ b:a � 9[4^ n � 9[2^NE � 2×2#a

a h:lc Wa? Wb? Wc? MÞ re? MÞ rf MÞ ud? QÞre? QÞrf

29> 9[90 9[11113 9[08632 9[21709 −0[83218 −1[25000 −1[97409 9[16047 −9[15527
FEMb 9[11084 9[08696 9[22111 −1[19222 −1[26699 −1[93849 * *
9[19 9[41724 9[31439 9[56087 −0[67733 −1[13751 −0[80431 9[10943 −9[11408
FEMb 9[41482 9[31649 9[57805 −0[62762 −1[27962 −0[87096 * *

59> 9[90 9[51964 0[09698 9[42902 −3[02743 −2[04687 −3[27317 9[20424 −9[13646
FEMb 9[51918 0[09376 9[41438 −3[07722 −2[96206 −3[28472 * *
9[19 0[92877 0[81562 9[76062 −2[86158 −2[00509 −2[75831 9[20231 −9[13298
FEMb 0[92473 0[81284 9[73834 −3[99282 −2[94179 −2[76596 * *

89> 9[90 9[51146 0[71468 9[49769 −2[88951 −2[92367 −4[18145 9[15708 −9[12819
9[19 0[91522 2[09878 9[72282 −3[09338 −2[99754 −3[24306 9[29906 −9[12379

a Wa? � wa?:"09−2×ql3
c :D#^ Wb? � wb?:"09−2×ql3

c :D#^ Wc? � wc?:"09−2×ql3
c :D#^ MÞ re? � Mre?:"09−1×ql1

c #^
MÞ ud? � Mud?:"09−1×ql1

c #^ MÞ rf � Mrf ?:"09−1×ql1
c #^ QÞre? � Qre?:qlc^ QÞrf � Qrf ?:qlc[

bThe _nite element results computed using the commercial software package ANSYS "Version 4[2# where shell 82
element was selected with 1713 grid points "actual number of active DOF] 04\397#

The convergence properties and accuracy of the DQEM for solving the bending of the ReissnerÐ
Mindlin polar plates have been investigated through a number of numerical studies[ It was found
that the convergence rate of the DQEM in the polar coordinate system is dependent mainly upon
the boundary conditions and plate relative thickness[ The e}ects of the sector angle and inner to
outer radii ratio on the convergence rate are not signi_cant[ However\ for all the cases analyzed
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here\ an accurate solution was achieved with 00×00 grid points in each element for a thicker plate
"h:lc − 9[0# and 02×02 grid points in each element for a thin plate "h:lc � 9[90#[

Consequently\ this new method has been successfully applied to the analysis of several annular
sector plates with discontinuities in loading\ geometry and boundary conditions[ The validity of
the DQEM has been further established by comparing the DQEM results for these example plate
problems with the FE solutions obtained using the commercial FEM software ANSYS "Version
4[2#[ It is found that the DQEM integrates both the advantages of DQM and the ~exibility of the
FEM for thick polar plate analysis and therefore\ has greatly enhanced the application scopes of
the DQM[
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